
Metric Spaces and Topology
Lecture 

Prop. For compaction, it's sufficient to onsider open covers consticting
of basic open sets (i.e. sets in some fixed basis.
More precisely, a space X is compact if and only if
for any/some basis B of X, any open cover ofX

consisting ofsets in B has a finite submover.

similarly, it's enough to consider complements ofbasic
open outs in the equire def of spactuen wil
closed sets.

Proof. Given an open cover I, we take its refinement
u==4 BEB: zuete st. BI43. N' is also a cover

of X because every UEM is a union of Bed

Ill it. BER. If is has a finite inbouer By Bag,
Bu, then so does I, indeed, for each Bi
7Hie1 b.t. BicHi, so U., e, ., Dn is

also a over of X.

Examples/nonexamples. (a) Finite topologies are compact,i.e. Mose



topolspieswhichhaveonlythe engineerise.g.
trivial topology.

(b) IR is not compact. Indeed, RR =V (n, n), but the cover
S(-n,n):nc IN) doesn't have a

newQuite subcover

In fact:

Prop. If a top space advity an aubald compatible metric,
then it's not compact.

Proof. If a is an unbold metric on
X al xoeX,

then 3Buxo):nEI3 is an open cover,

which doesn't have a finite subcover.

(C) NNis noncompact. (Note Butthe usual metric on ININ is

hold by 1, so the unbolden isn't necessary for nonwoa-

parture ofa metric space.)
Indeed, NNN =W (n), so [Culu is on open

·/12....
cover

HEIN
ofNI rike &

many disjoint

1.I.N) .... wovengly open ates,heave I finite subcover.



(d) IN is compact.
Proof). Let us be an open cover of2 with clindrical

ebs (w], w6 2. We
may assume ,without loss ofgeneralite at the sets
in1) are maximal, i.e. if (WIEM o

(w1] =(w], ten (W kH. We claim N.N
thatit is finite. To prove this, we

.....
[N

form a tree whose leaves are the

words a 3.6. (w) eH,namely:
T==(w=2<. 7 (w) =1 ct. w =w1].

Konig's lemma. Every finitely branching infinite tree
has an infinite branch.

call a vertexwint heavyif the

proofis travelorit,its orhereareis, the rootof t is heavy. Then

must be heavy, choose one. Then again
one of its children must be heavy (by the pigeonhole
principle). And so on, we obtain an infinite branch.



By konig's have our I must be like since

otherwise it has an infinite branch x, i.e.
In XuET, so IveU s.f. x=[w], contra-

dicting of being a cover of2.

Proof 2. Letus be an open over of 2 al suppose it

doesult have a finite subcover. Call a vertex

henry
we heavy if any cannot be covered by

A 135
1. a finite subset of1. Tens, DE2 is heavy,

of heave one of its children must be heavy,:
=U ... we obtain an infinite branch xe2N!"""is sit. An Xu is heavy. But Iwell sit sell

so for some n, (XIn]IU, hence xIn isn't heavy.

(e) inintervals (n,b3?IR are compact.
Proof. I

Id - letIg ==(a,b), then letto of Is
a
Io In

b
be the first a second closed half inter-I I I

, too, to, Iio, In, vals. We repeat at get too, Is,I, In
... , 1

has we obtain a sequence (IsIse2IN

- ofclosed intervals sot. (IsIst



let is be an open over ofEg. Call Is, see,
heavy if Iquite subset ofl tht covers Is.

The rest is similar to Proof 2 of 2" being compact, but here

we need to use the nested intervals lemma. HW

Remark on open covers of subspaces. For top. SpaceX,then considering
whether a subspace YIX is compact (in the relative lop.),
we have to consider covers of Y with relatively open subsets

RIY. But for each UEM, there is an open at=X sit. U-TRY,
so thecollection It==(4=X:is open in X and UnY exe}
is still a cover of Y in the sense that is UI, but
it consists of sets but are open in X. It remains he note at

It has a kite subset covering"if and only if it does.

Prop. Closed subsets of compact spaces are compact.
Proof, hot Y 2Xbe a closed subset ofaspart X.
X
Cl

letto be a cover ofY will open subsets ofX

lee the remark above). Then HUSYY is an open coverof X, so
so Ifinite subrover U, De, ..., Un= UUSY. Only one ofthe Ki isY,
and removing itwe still get a finite cover of Y will sets in e.



Counter-examples toconverse. (a) In the half-open space i I, i.e. X:=(0,3 and
T==(X,y, 7133, the nut r== (1) is compact not closed.

(b) In X :=IM with the confinite top (= Zarishitop), every subset is compact
HW butonly finite subsets are closed.

The last example shows Hut I, is not enough for compact subets he

be closed, however it is enough:

Prop. In Hansdorff top, spaces, compact subets are closed.
Proof. ⑭Ky

Vy
Fix xeXYof try to find an open night.

X ↑ Rexdisjoint from Y. For
any yeY, there are

open disjoint Rycx of Vyzy. Ten (Vy:gcY) is
an open over of 4 so it has a finite cover Vy, Yes,Veni
Then Ki=Us:is stillan

open neightofx disjoint
↳

from Vy; Y.

Exaple. Non-closed redes ofmetic spaces are not compact.


